Abstract: A lithium-plating side reaction at the lithiated graphite (LiC 6 ) anode leads to poor safety of the lithium-ion battery. Faster charging at normal temperature may lead to a plating side reaction during the end of charging at the anode-separator interface. At lower temperature, the lithium-plating side reaction may become thermodynamically favorable during almost the entire charging period, even at low rates. This paper uses an electrochemical engineering model and dynamic optimization framework to derive charging profiles to minimize lithium plating at low temperatures. Transport parameters for lithium-ion battery are very sensitive at low temperatures. This paper shows the derivation of the optimal charging profile considering strict lower bounds on the plating reaction depending on various thermal insulation conditions (adiabatic, isothermal, and normal heat transfer coefficient) surrounding the battery.
INTRODUCTION
Lithium-ion chemistries are attractive for many applications due to high cell voltage, high volumetric and gravimetric energy density (100 Wh/kg), high power density (300 W/kg), good temperature range, low memory effect, and relatively long battery life (Daniel, 2008; Lukic et al., 2008; Pop et al., 2008) . Capacity fade, underutilization, and thermal runaway are the main issues that need to be addressed in order to use a lithium-ion battery efficiently and safely over a long life.
The focus of this work is to address the lithium-plating side reaction, which not only causes capacity fade but also poses a significant safety issue (Tarascon and Armand, 2001) . Though lithium-ion batteries are inherently safer than lithium-metal batteries, because the former avoids dendrite formation during charging, the slightly more positive potential of LiC 6 compared to Li/Li + inherits the problem of lithium plating during charging (Tarascon and Armand, 2001 ) at high rates (Northrop et al., 2014) and even for low rates at low temperature.
The driving force for the irreversible lithium-plating side reaction at the anode can be expressed by the over-potential (Perkins et al., 2012) : 
where plating  is the plating over-potential, ( , ) s n xt  is the solid-phase potential which is defined for the porous electrode, , ( , ) en xt  is the electrolyte-phase potential, s U is the open-circuit potential for the plating reaction which is taken to be zero, and x is the distance across the electrode. The expression for plating  in (1) ignores the voltage drop across the solid-electrolyte interface (SEI) layer. The lithiumplating side reaction becomes feasible only when plating  is negative as the plating reaction is irreversible in nature. Detailed electrochemical engineering-based models incorporating concentrated solution theory and porous electrode theory that can simulate the potential distribution inside porous structures are available (Arora et al., 1999; Doyle et al., 1993; Doyle and Newman, 1995; Fuller et al., 1994; Gomadam et al., 2002) .
In this paper, a single-particle model (Guo et al., 2011; Santhanagopalan et al., 2006 ) (SPM) is used to derive the optimal charging profiles. The SPM ignores the distribution of concentration and potential across the thicknesses of the electrodes and separator. At low temperature, plating  (the x dependency does not appear in the SPM) shifts down due to increased temperature-dependent transport resistance and may become negative even for the beginning of charging, which makes the battery vulnerable to lithium plating even at low charging rate for these temperatures.
Section 2 discusses the SPM along with its equations and presents simulation results for charging a battery at low temperature (268 K). Section 3 discusses the optimal charging problem formulation. The results and discussion are in Section 4 and the conclusions and future directions are in Section 5.
MODEL DESCRIPTION
Detailed models that incorporate electrochemical, transport, and thermodynamic processes along with the geometry of the underlying system can be used to monitor and control the internal states of a battery (Arora et al., 1999; Doyle et al., 1993; Doyle and Newman, 1995; Fuller et al., 1994; Gomadam et al., 2002) . Simplifications of these models have been proposed that preserve the important features of detailed models. The SPM assumes that the porous nature of the solid phase in the anode and cathode can be approximated by the dynamics of a single particle. The SPM also ignores the dynamics and variation of lithium-ion concentration in the electrolyte phase. Table 1 shows the governing equations for the SPM (Guo et al., 2011; Santhanagopalan et al., 2006) , which models Fickian diffusion in the solid particle, where ( , ) s i c r t is the solid-phase lithium concentration (i = n and p for anode and cathode respectively) which has radial and time dependence, V is the voltage across the battery, T is the temperature of the battery, and s i  refers to the potential of the solid particles. The equation for the temperature is derived from the general energy balance. A simplified energy balance equation ignoring the reversible heat caused by the reaction entropy change is used in this study. These simplifications may lead to less accurate prediction of the variables at the cell level. The solid-phase diffusivities (D i ) of both anode and cathode particles are assumed to follow an Arrhenius-type relationship, as shown in Table 2 , which also shows the additional expressions used in the SPM. A list of parameters and their values are in Appendices A and B. 
Voltage: 
Before considering an optimal control formulation, it is useful to evaluate the potential for lithium plating at low temperatures. Three different cases (isothermal, h = 25 W/m 2 -K and adiabatic) are considered to understand the internal state evolution during charging at 268 K. Figure 2 shows the simulation results (current, voltage, plating overpotential, and temperature profiles) with the SPM at three different heat transfer coefficients for a 1.5 C rate of constant current charging followed by constant potential charging (CC-CV). This type of charging is considered the traditional charging protocol. The time evolution of plating overpotential at room temperature follows similar trends but the values remains around 0.03 to 0.1 V at 2C rate with a normal heat transfer coefficient (Northrop et al., 2014) .
For the adiabatic case, the battery temperature increases faster leading to reduced transport resistance (diffusion and kinetic), which will lead to a lower observed voltage across the battery during charging. The battery in this case is less vulnerable to the plating side reaction with the plating side reaction being feasible ( Figure 2) is the worst-case scenario, with the plating reaction being feasible for a longer period of time. For a normal heat transfer coefficient (dotted red curves in Figure 2 ), the situation is in between the two cases (isothermal and adiabatic charging). In the next section, the optimal charging problem is formulated to obtain charging profiles that restrict the over-potential for plating at 0 V.
OPTIMAL CONTROL FORMULATION
This paper considers the maximization of charge transferred in a limited time with constraints placed on current, voltage, and plating over-potential using the SPM. Previous efforts in this direction include the derivation of optimal charging profiles considering other capacity fade mechanics (side reaction during charging (Rahimian et al., 2010) , thermal degradation (Suthar et al., 2013) , and intercalation-induced stress using SPM ). Numerous methods are available for solving constrained dynamic optimization problems, including (i) variational calculus, (ii) Pontryagin's maximum principle, (iii) control vector iteration, (iv) control vector parameterization, and (v) simultaneous nonlinear programming (e.g., Biegler, 2007; Kameswaran and Biegler, 2006; Canon et al., 1970) . Control vector parameterization (CVP) and simultaneous nonlinear programming are commonly used strategies that employ nonlinear programming (NLP) solvers. This paper uses IPOPT, which implements an interior point primal-dual method (Wächter and Biegler, 2006) . 
with F k differential equation constraints, G k algebraic equation constraints, N time discretizations, z differential states, y algebraic states, and an applied current of I overall (k). The differential state constraints include physically meaningful bounds on the solid-phase lithium concentration in the anode and cathode solid particle. Meaningful bounds are also provided for the algebraic states (e.g.,
, 0 ≤ η plating (k)) and the control variable (0  I overall (k)  I max ).
RESULTS AND DISCUSSION
A fourth-order accurate finite difference method (third-order accurate at the boundaries) is used to discretize the diffusion equation in the solid particles in the radial direction to generate system of differential algebraic equations (DAEs). The discretized version of the partial differential equation (2) at the  th internal node point in the radial direction in the solid particles of the anode and cathode (  starts at 2) is   
A similar discretization was performed to convert the PDE (3) to a set of ordinary differential equations (ODEs). These ODEs along with the equation for temperature (an ODE), voltage (an algebraic equation), and boundary conditions for the solid particles (algebraic equations) lead to a system of DAEs. The first-order Euler backward scheme was used to discretize the resulting system of DAEs into algebraic equations. The nonlinear program was solved using IPOPT (Wächter and Biegler, 2006) . Figure 3 shows the optimization results for I max set to 1.5C. For isothermal charging (black dashed curves), the charging profile is mostly governed by the plating over-potential and overall voltage. During isothermal charging, the temperaturedependent transport parameters do not vary and the stored charge in a given time is lowest compared to the other cases where the transport resistance decreases. Charging in the adiabatic and normal cases (heat transfer coefficient = 25 W/m 2 -K) show very interesting profiles. In both cases, the charging profiles are controlled by different active constraints at different times. The optimal charging current consists of five segments, each being governed/ controlled by an active constraint. Initially, the maximum charging current (I max ) acts as the active constraints for a very small time followed by the plating over-potential ( The optimal charging profiles for different values of I max can be generated in a similar fashion. As can be seen from Figure  4 for I max = 1C, the charge stored or state of charge (SOC) in adiabatic charging is significantly higher compared to other cases. In the case of adiabatic charging, While most simulations were performed with Euler backward (EB) method, the result was verified by attempting few trial cases using the fifth-order Radau IIA (R-IIA) method (Kameswaran and Biegler, 2008) . Table 3 shows solutions comparison between first-order EB and R-IIA for the isothermal charging case with I max = 1C. From Table 3 , it is observed that, although one-step EB method has a lower CPU time than that of R-IIA for a given number of node points, R-IIA can achieve higher order of accuracy even at lower node points. However, R-IIA has 3 times the number of variables compared to EB method for same number of node points. In many cases, faster results can be obtained with R-IIA or other types of higher order discretization schemes. These optimization studies performed using the SPM may not be very accurate at lower temperature. Use of a porous pseudo-two dimensional (P2D) model will be pursued for identifying the charging protocol because of the expected non-uniform current density.
CONCLUSIONS
This paper addresses lithium plating during charging at low temperature, which is closely related to the safe operation of a lithium-ion battery. A single-particle model, which makes significant simplification in transport processes, is used with a general energy balance equation with additional simplification. Although this model has some limits on its applicability for prediction of the internal variables when used at the cell level, the optimal control problem formulated here places a lower bound on plating  in addition to voltage and current bounds. The dynamic optimization framework is used to quickly predict the optimal charging profiles for different environmental conditions and bounds. Accurate prediction as well as a P2D model for modeling spatial variation of plating  can be used to further refine the charging protocol, which will be performed in the future. The proposed framework offers an alternative of calculating real-time optimal charging profiles, provided that temperaturedependent transport parameters are known.
